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Abstract
In this paper, we study the logarithmic terms in the partition functions of CFTs with bound-
aries (BCFTs). In three dimensions, their coefficients give the boundary central charges, which
are conjectured to be monotonically decreasing functions under the RG flows. We present a few
supporting evidences from field theory calculations. In two dimensions, we give a holographic
construction (AdS/BCFT) for an arbitrary shape of boundary and calculate its logarithmic
term as well as boundary energy momentum tensors, confirming its consistency with the Weyl
anomaly. Moreover, we give perturbative solutions of gravity duals for the three dimensional
BCFTs with any shapes of boundaries. We find that the standard Fefferman-Graham expansion
breaks down for generic choices of BCFT boundaries.
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1 Introduction
The AdS/CFT correspondence [1, 2] offers us a non-perturbative framework which relates gravity
theories to conformal field theories (CFTs) in remarkable ways. Usually, the AdS/CFT is consid-
ered for a CFT defined on a manifold without any boundaries. However, the properties of quantum
field theories with boundaries are also very intriguing. They are sensitive to their boundary condi-
tions and thus a large variety of possible theories are possible. Also in condensed matter physics,
field theories with boundaries appear in important systems such as the quantum Hall effects or
topological insulators.
Recently, an extension of AdS/CFT to the cases where the CFT is defined on a manifold with
boundaries (AdS/BCFT) has been proposed in [3]. In specific examples, the same construction has
been already mentioned in [4]. In the paper [5], the partition functions in AdS/BCFT have been
computed and a holographic proof for the g-theorem [6, 7] has been given with a proposal of its
higher dimensional generalization. A string theory embedding of the AdS/BCFT was also given in
[5]. The AdS/BCFT has been analyzed in a three dimensional gravity with higher curvatures in [8].
In [9], the AdS/BCFT is employed for a holographic construction of the quantum Hall effect and
its edges states. See also [10, 11] for other developments. A short review can be found in section 4
of [12]. For other approaches to gravity duals of CFTs with boundaries, refer to [13, 14, 15, 16].
The purpose of this paper is to explore the construction and properties of AdS/BCFT. We es-
pecially focus on the logarithmically divergent terms in the Euclidean partition function of BCFTs.
In even dimensional BCFTs, the coefficients of the log terms are related to the Weyl anomaly
and thus the central charges. In odd dimensions, on the other hand, these coefficients lead to new
quantities called boundary central charges cbdy. The logarithmic term in AdS4/BCFT3 is especially
intriguing. The holographic analysis in [5] shows that the corresponding boundary central charge,
extended to the non-conformal theories as a c-function, gets monotonically decreased under the
RG flow:
dcbdy(r)
dr
≤ 0, (1.1)
where r is a length scale of the BCFT. This can be regarded as a higher dimensional analogue of
the g-theorem [6, 7]. A part of main results in this paper is to give a few modest evidences for this
property from quantum field theoretic calculations, based on a perturbation theory and an explicit
example. Finally, we conjecture this c-theorem in arbitrary odd dimensional BCFTs.
So far, the examples of AdS/BCFT have been limited to the cases where boundaries of BCFTs
are either hyperplanes or round spheres. Therefore we would like to consider the examples where
the boundaries are general curved surfaces. We will show that the coefficient of the logarithmic
term in the AdS3/BCFT2 setup is topological (proportional to the Euler number) and thus does
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not change under smooth deformations of the boundaries. We will also independently confirm this
by calculating the energy momentum tensor at the boundary. Moreover, we will find that in higher
dimensional setups, the construction of solutions based on the standard Fefferman-Graham expan-
sion does not work and instead we will construct perturbative solutions by using the hyperbolic
foliation of the AdS space for AdS4/BCFT3.
This paper is organized as follows: In section 2, we will first give a brief overview of the
AdS/BCFT construction. Later we provide a careful treatment of the new codimension two bound-
ary term, which has been neglected previously and calculate the energy momentum tensor localized
at the boundary P . In section 3, we will examine AdS duals of two dimensional BCFTs with gen-
eral shape of boundaries based on the standard Fefferman-Graham expansion and calculate the
logarithmic term. In section 4, we present perturbative solutions for AdS4/BCFT3 with general
shape of boundaries. In section 5, we argue the higher dimensional g-theorem in terms of boundary
central charges and give some evidences. Only this section is purely field theoretical and does not
employ the holography. In section 6, we summarize our conclusions and discuss future problems.
2 AdS/BCFT Formulation and Energy Momentum Tensor
Here we will first give a brief summary of the AdS/BCFT i.e. a holographic dual of CFT defined
on a manifold M with a boundary ∂M(≡ P ) [3]. Later we will provide a careful treatment of the
new codimension two boundary term, which has been neglected previously and we will calculate
the energy momentum tensor localized at the boundary P .
In AdS/CFT [1], a d + 1 dimensional AdS space (AdSd+1) is dual to a d dimensional CFT.
The geometrical SO(d, 2) symmetry of AdS is equivalent to the conformal symmetry of the CFT.
When we put a d − 1 dimensional boundary to a d dimensional CFT such that the presence of
the boundary breaks SO(2, d) into SO(2, d − 1), this is called a boundary conformal field theory
(BCFT) [17].
The construction of AdS/BCFT goes as follows4 (refer to Fig.1). The holographic dual of a
BCFT (boundary conformal field theory) on a d dimensional manifold M is defined as a gravity
4One may think this construction of AdS/BCFT looks similar to the holographic entanglement entropy [18].
However, they are crucially different because of the following reasons. To calculate the holographic entanglement
entropy, we pick up a codimension two minimal area surface and this exists in any asymptotically AdS backgrounds.
However, the surface Q in the AdS/BCFT is codimension one and has more constraints due to the boundary condition
(2.10) and there is no solution in a genetic asymptotically AdS backgrounds. Therefore the boundary Q backreacts
with the bulk spacetime and changes its metric so that the boundary condition is satisfied. Mathematically, the
minimal surface condition is equivalent to the vanishing of the trace of the extrinsic curvature i.e. K = 0, while
(2.10) constrains each component of Kab.
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Figure 1: A schematic setup of AdS/BCFT. The CFT lives onM , which has the boundary P ≡ ∂M .
Its gravity dual is denoted by N and its asymptotically AdS boundary is M . The boundary P is
extended into the bulk AdS, which constitutes the boundary Q.
on a d + 1 dimensional spacetime N . N is an asymptotically AdS space and its AdS boundary
coincides withM . We assume thatM has a boundary ∂M and in the gravity dual, ∂M is extended
to a d dimensional manifold Q such that ∂N = M ∪ Q. To respect the SO(2, d − 1) symmetry
of BCFT, N should be foliated by AdSd slices. We can also generalize this construction into the
non-conformal cases by relaxing the SO(2, d−1) symmetry. This is the basic setup of AdS/BCFT.
Next we need to impose an appropriate boundary condition on Q.
2.1 Neumann Boundary Condition
In the standard AdS/CFT, we impose the Dirichlet boundary condition at the boundary of AdS
and therefore we require the Dirichlet boundary condition on M . On the other hand, we impose
a Neumann boundary condition on Q [3]. The reason for this is that this boundary should be
dynamical from the viewpoint of holography and there is no natural definite metric on Q specified
from the data in the CFT side. Also this can be naturally derived in the orientfold construction in
string theory as in the example discussed in [5].
To make the variational problem sensible, we need to add the Gibbons-Hawking boundary term
[19] on the boundaries M and Q to the Einstein-Hilbert action:
I =
1
16πGN
∫
N
√
−G(R − 2Λ) + 1
8πGN
∫
Q
√
−hK + 1
8πGN
∫
M
√−γK. (2.1)
The metric of N is defined by Gµν , where the index µ runs the d+1 coordinates; the induced metric
on Q and M are denoted by hab and γij , respectively, while a and i run the d coordinates. For
later convenience, we also define the induced metric on P (= ∂M = ∂Q) to be Σαβ. We summarize
these conventions in Fig.2.
K = habKab (or K = γ
ijKij) is the trace of extrinsic curvature on Q (or M). The extrinsic
4
curvature Kab is defined by
Kab = ∇anb, (2.2)
where n is the unit vector normal to Q and here we implicitly assume a projection onto Q from N .
For example, in the Gaussian normal coordinate system, we have the following metric
ds2 = dη2 + hab(η, u)du
adub, (2.3)
where Q is situated at η = η∗ and N is given by η ≤ η∗. In this setup, we can explicitly calculate
the extrinsic curvature as
Kab =
1
2
∂hab(η∗, u)
∂η
. (2.4)
Now let us consider the variation of metric in the above action. After a partial integration, we
find
δI =
1
16πGN
∫
Q
√
−h(Kab −Khab)δhab + 1
16πGN
∫
M
√−γ(Kij −Kγij)δγij . (2.5)
Notice that the terms which involve the derivatives of δhab and δγij cancel out thanks to the
boundary term. It is clear that the variation on Q is vanishing if we impose either the Dirichlet
boundary condition δhab = 0 or the Neumann boundary condition
Kab − habK = 0. (2.6)
As we mentioned, we choose the Neumann condition (2.6) on Q, while we do the Dirichlet one on
M .
It is also possible to add some matter fields localized on Q and consider a generalized action by
adding
IQ =
∫ √
−hLQ. (2.7)
This modifies (2.6) into
Kab − habK = 8πGNTQab, (2.8)
where we defined the energy momentum tensor on Q
TQab = −
2√−h
δIQ
δhab
. (2.9)
In this paper we only consider the case where the boundary matter lagrangian LQ is simply a
constant LQ = − T8πGN . The constant T can be interpreted as the tension of the ‘brane’ Q. The
boundary condition (2.8) for this system reads
Kab = (K − T )hab. (2.10)
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Manifold Dimension Metric Relations
N d+ 1 Gµν Gij =
gij
ρ
Q d hab
M d γij γij = Gij |ρ=ǫ
P d− 1 Σαβ Σαβ = σαβρ
Figure 2: A summary of notations on the manifolds and their metrics in this paper. Notice that N
is the original spacetime where the gravity dual lives. M is its AdS boundary and Q is the other
part of the boundary of N . P is defined by P = ∂M = ∂Q.
By taking its trace, we obtain
K =
d
d− 1T. (2.11)
The Euclidean formalism of AdS/BCFT is also useful especially for the evaluations of the
partition functions and we will mainly employ this formalism in the rest of this paper. In the
Euclidean formulation, the gravity action (2.1) in the Lorentzian signature is now replaced by
IE = − 1
16πGN
∫
N
√
g(R− 2Λ)− 1
8πGN
∫
Q
√
h(K − T )− 1
8πGN
∫
M
√
γK, (2.12)
where we added the tension T contribution on Q. Note that in the actual calculations we need
to add the counter terms to (2.12) as in the standard holographic renormalization of AdS/CFT
[20, 21, 22].
2.2 Simple Examples
Here we briefly review the basic examples of AdS/BCFT, which are useful in our later arguments.
We only consider the d+ 1 dimensional pure gravity theory. The first example is the BCFT on a
half plane [3, 5]. The metric of AdSd+1 with the radius L can be rewritten as follows:
ds2 = dη2 +
cosh2(η/L)
z2
(dz2 + d~x2), (2.13)
where ~x ∈ Rd−1. If we assume that η takes all values from −∞ to ∞, then (2.13) is equivalent to
the AdSd+1. To see this, define new coordinates w and ξ by
w =
z
cosh(η/L)
, ξ = z tanh(η/L). (2.14)
In this new coordinate system, (2.13) indeed coincides with the Poincare metric:
ds2 = L2
(
dw2 + dξ2 + d~x2
w2
)
. (2.15)
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Note that the cosmological constant Λ is related to the AdS radius L by Λ = − (d−1)d2L2 .
To realize a gravity dual of BCFT, we will put the boundary Q at η = η∗ and this means that
we restrict the spacetime to the region −∞ < η < η∗. The extrinsic curvature on Q reads
Kab =
1
L
tanh
(η∗
L
)
hab. (2.16)
By imposing the boundary condition (2.10), we find the relation
T =
d− 1
L
tanh
η∗
L
. (2.17)
In this system, the AdS boundary M is given by the half place defined by ξ ≤ 0.
We can perform the conformal transformation so that the boundary P = ∂M is mapped from
the hyperplane to a round sphere [3, 5]. The holographic dual of a BCFT on a round ball with
radius rB is given by the following region in the Poincare AdSd+1 (2.15);
ξ2 + ~x2 + (w − rB sinh(η∗/L))2 − r2B cosh2(η∗/L) ≤ 0. (2.18)
2.3 Codimension Two Boundary Term
Moreover, strictly speaking, we need to add the boundary term on P (= ∂M = ∂Q) to the gravity
action IE in (2.12). This is because Q and M are joined non-smoothly on P with cusp like
singularities. In such a case, we need to add the following boundary term [23]
I
(bdy)
E =
1
8πGN
∫
P
√
Σ · (2θ − π), (2.19)
where 2θ is the angle between Q and M at P (the angle is measured from inside of N). See the
appendix A for an elementary derivation of (2.19). Σαβ is the induced metric on P . In other words,
if we define nM and nQ are unit normal vectors toward the outside of the gravity dual N , then we
have
nM · nQ = cos(π − 2θ). (2.20)
Therefore the correct gravity action of AdS/CFT is given by (2.12) plus (2.19) i.e.
I
(tot)
E = IE + I
(bdy)
E + I
(c.t.)
E , (2.21)
where we also added the counter terms I
(c.t.)
E so that total action I
(tot)
E becomes finite.
Below we would like to examine how the calculations of Euclidean partition functions are affected
by this codimension two boundary term (2.19). We concentrate on the example of the round disk
partition function in AdS3/BCFT2. The holographic dual of a BCFT defined on a round disk with
the radius rB is given by the gravity on the manifold (2.18) inside the Poincare AdS3. The main
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part IE has been already calculated in [3, 5]. In the presence of the new boundary term I
(bdy)
E , the
final result reads
IE+I
(bdy)
E =
L
4GN
[
−r
2
B
2ǫ2
− rB
ǫ
(
sinh
η∗
L
+arccosLT
)
+log
ǫ
rB
− 1
2
−arccosLT · sinh η∗
L
− η∗
L
]
, (2.22)
where ǫ is the UV cut off, set by z > ǫ. To make the total action I
(tot)
E finite, we need to add the
counter terms
I
(c.t.)
E =
L
8πGN
∫
M
√
γ +
L
8πGN
∫
P
√
Σ− L
16πGN
· log ǫ ·
(∫
M
√
γR+ 2
∫
P
√
ΣK
)
. (2.23)
This leads to
I
(tot)
E = −
η∗
4GN
− L
4GN
− L
4GN
log rB . (2.24)
Therefore, the boundary entropy Sbdy, which is defined by the finite contribution to −I(tot)E in the
presence of the boundary P , is given by
Sbdy =
η∗
4GN
. (2.25)
This is the same as the conclusion in [3, 5], where I
(bdy)
E was not taken into account. Indeed, (2.25)
agrees with another calculation of Sbdy using the holographic entanglement entropy [18, 12]. Notice
also that the logarithmic term in (2.24), which is proportional to the Weyl anomaly, is not affected
by the new term I
(bdy)
E . In section 3, we will generalize the calculation of the logarithmic term to
the case where P is an arbitrary closed loop.
In this way, most of physical quantities do not change by the addition of the new boundary
term I
(bdy)
E . However, there is at least one exception, which is the boundary energy momentum
tensor, as we will discuss in the next subsection.
2.4 Holographic Boundary Energy Momentum Tensor
In the general setups of AdS/CFT, a convenient choice of coordinate is known as the Fefferman-
Graham coordinate and is defined by
ds2 =
L2
4ρ2
dρ2 +
1
ρ
gij(x, ρ)dx
idxj . (2.26)
The special case gij = δij corresponds to the pure AdSd+1 and the coordinate ρ is related to w in
(2.15) via ρ = w2. The AdS boundaryM is situated at ρ = 0 and thus the metric ofM in the gravity
dual is given by γij = limρ→0
gij
ρ . The metric of M in the BCFTd is given by limρ→0 gij = g
(0)
ij .
The energy stress tensor Tij is a useful physical quantity to characterize the property of CFTs
in such general setups. It is defined by the variation of the action ICFT with respect to the metric
8
g
(0)
ij
Tij = − 2√
g(0)
· δICFT
δg(0)ij
. (2.27)
The holographic energy momentum tensor [21, 24, 22] is defined so that it is proportional to
the derivative of the total gravity action with respect to the AdS boundary metric γij (called
Brown-York tensor [25]):
T
(AdS)
ij = limρ→0
[
ρ1−
d
2
8πGN
(Kij − γijK) + (counter terms)
]
. (2.28)
Moreover, we would like to point out that in the AdS/BCFT setup we can also calculate the
boundary analogue of the energy momentum tensor Bαβ , which has been first introduced in [26]
from a field theoretic viewpoint. In BCFTs, this boundary energy momentum tensor is defined by
taking the variation of the action IBCFT with respect to the metric σαβ on ∂M
Bαβ = − 2√
σ
· δIBCFT
δσαβ
. (2.29)
In the gravity side, we argue the following holographic formula by taking the derivative of (2.19)
with respect to Σαβ (notice the relation limρ→0 ρ · Σαβ = σαβ)
B
(AdS)
αβ = limρ→0
[
ρ
3
2
−
d
2
8πGN
(2θ − π)Σαβ + (counter terms)
]
. (2.30)
We will later evaluate B
(AdS)
αβ explicitly in AdS3/BCFT2 and confirm that it plays the crucial role
on the consistency with the Weyl anomaly.
3 AdS3/BCFT2 with Arbitrary Boundaries and Conformal Anomaly
In previous examples, the AdS/BCFT has been constructed when the boundary ∂M of the BCFT
takes special shapes such as hyperplanes or round spheres. Therefore we would like to generalize
the AdS/BCFT construction and analyze the cases where ∂M take arbitrary shapes. In this section
we will employ the Fefferman-Graham coordinate (2.26) and mainly focus on the AdS3/BCFT2.
In the near AdS boundary limit, we can expand [20, 22]
gij = g
(0)
ij + ρg
(2)
ij + ρ log ρ h
(2)
ij + · · ·. (3.1)
The profile of the boundary Q in the AdS3 is described by the constraint (setting x
1 = x and
x2 = y)
x = x(y, ρ), (3.2)
which is expanded as
x(y, ρ) = x(0)(y) +
√
ρ x(1)(y) + ρ x(2)(y) + · · ·. (3.3)
9
3.1 Einstein Equation
The Einstein equation in the d + 1 dimensional Fefferman-Graham coordinate (2.26) can be sum-
marized as follows [20]
ρ(2g′′ij − 2g′ikgklg′lj + gklg′klg′ij)− L2R(g)ij − (d− 2)g′ij − gklg′klgij = 0,
gjk(∇ig′jk −∇kg′ij) = 0,
gijg′′ij −
1
2
gijg′jkg
klg′li = 0, (3.4)
where R(g)ij is the d dimensional Ricci tensor for the metric gij , regarding ρ as a constant.
In the d = 2 case, by expanding the Einstein equations (3.4) about the powers of ρ, we obtain
h
(2)
ij = 0,
g(0)ijg
(2)
ij = −
L2
2
R(0), (3.5)
where R
(0)
ij is the Ricci tensor for g
(0)
ij . Note that g
(2)
ij is not completely fixed and this ambiguity,
for example, leads to black hole solutions with various temperatures.
3.2 Boundary Condition
Next we would like to solve the boundary condition (2.10). We proceed by assuming that the
boundary metric g(0) is flat
g
(0)
ij = δij . (3.6)
In the leading order of ρ expansion, (2.10) leads to
x(1)(y) =
TL2
√
1 + (∂yx(0))2√
1− L2T 2 . (3.7)
In the next order, we find
x(2)(y) =
L2
(
1 + L2T 2(∂yx
(0))2
)
(∂2yx
(0))
2(1− L2T 2)(1 + (∂yx(0))2)
. (3.8)
It may be useful to consider the solutions with the Lorentzian signature so that they describe
holographic time-dependent backgrounds. For this, we can wick rotate the x coordinates as x = it.
This leads to the following solutions instead of (3.7) and (3.8):
t(1)(y) =
TL2
√
(∂yt(0))2 − 1√
1− L2T 2 , t
(2)(y) =
L2
(
1− L2T 2(∂yt(0))2
)
(∂2y t
(0))
2(1 − L2T 2)(1− (∂yt(0))2)
. (3.9)
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3.3 Partition Function
Now we would like to evaluate the Euclidean partition function (2.21). Since we are interested
especially in the logarithmically divergent term, we need to evaluate the main part IE, which can
be simplified as follows
IE =
1
4πL2GN
∫
N
√
g − T
8πGN
∫
Q
√
h. (3.10)
We can expand IE with respect to ρ using the formula such as
√
g =
L
2ρ2
(
1 +
ρ
2
Tr[g−1(0)g
(2)] + · · ·
)
. (3.11)
The boundary Q is described by a closed loop described by x = x(y, ρ) and it is assumed to
have two branches for a fixed y and ρ, which are denoted by x+(y, ρ) and x−(y, ρ) such that we
always have x+(y, ρ) > x−(y, ρ). The region inside Q is given by x−(y, ρ) < x < x+(y, ρ). We
define ∆x(y, ρ) = x+(y, ρ)− x−(y, ρ).
In the end we can evaluate the logarithmically divergent term in IE by introducing the UV cut
off as ρ > ǫ2:
SE =
1
4πL2GN
[
−L
2
∫
dy∆x(2)(y) · log ǫ2
]
+
T
8πGN
· log ǫ2
∫
dy ∆

2x(1)x(2) + L2(∂yx(0))(∂yx(1))
2
√
L2 + (x(1))2 + L2(∂yx(0))2


= − L
4πGN
· log ǫ ·
∫
dy∆
(
∂2yx
(0)
2(1 + (∂yx(0))2
)
. (3.12)
Notice that the last term is topological because
∫
dy∆
(
∂2yx
(0)
2(1 + (∂yx(0))2
)
= ∆
[
1
2
arctan(∂yx
(0))
]
. (3.13)
By extending this result to curved spaces using (3.5), we finally obtain
IE = log ǫ · L
16πGN
·
(∫
M
√
g(0)R(0) + 2
∫
∂M
√
h(0)K(0)
)
=
c
6
χ(M) · log ǫ, (3.14)
where where we employed the well-known relation c = 3L2GN [27]; χ(M) is the Euler number of M ;
K(0) is the trace of extrinsic curvature of the curve x = x(0)(y), given by
K(0) = − ∂
2
yx
(0)(y)
(1 + (∂yx(0)(y))2)3/2
. (3.15)
In this way we nicely reproduce the logarithmic term in the BCFT partition function, which is
expected from the Weyl anomaly.
3.4 Analysis of Boundary Energy Momentum Tensor
The trace of the holographic (bulk) energy momentum tensor (2.28) for the flat space BCFT (3.6)
becomes trivial in our setup
g(0)ijT
(AdS)
ij = 0, (3.16)
as follows from (3.5). One may immediately wonder if this may contradict with the fact that the
logarithmic term (3.14) shows a non-vanishing trace anomaly. However, this is not the case if we
take into account the boundary energy momentum tensor Bαβ. Using the holographic formula
(2.30) we can evaluate as follows
B(AdS)yy =
1
8πGN
lim
ρ→0
[
√
ρ (2θ − π + arccos T )Σyy] , (3.17)
where the term proportional to arccos T is the counter term. By using the inner product of the
two unit normal vectors at the boundary P = ∂M = ∂Q:
nM · nQ = T + x
(0)′′(y)
√
1− T 2
(1 + (x(0)
′
(y))2)3/2
√
ρ+O(ρ), (3.18)
finally we obtain
By(AdS)y =
1
8πGN
x(0)
′′
(y)
(1 + (x(0)′(y))2)3/2
= − c
12π
K(0). (3.19)
We can confirm that the total Weyl anomaly is consistent with (3.19) as follows. The variation
of the gravity action is given by
δIE = −1
2
∫
M
√
gTijδg
(0)ij − 1
2
∫
∂M
√
σBαβδσ
αβ , (3.20)
where note that σαβ is the same as h
(0)
αβ in (3.14). For the infinitesimal Weyl transformation
δgij = 2ǫgij and δσαβ = 2ǫσαβ , we find
δǫIE = ǫ
[∫
M
√
gT ii +
∫
∂M
√
σBii
]
= −ǫc
6
χ(M). (3.21)
This agrees with the logarithmic term in (3.14), which satisfies
rB
∂IE
∂rB
= − c
6
χ(M). (3.22)
3.5 Analysis in Higher Dimensions
One may think that we can generalize this analysis in higher dimensions d > 2 . However, this
is not the case as we will see below. For example, consider d = 3 case, where we can expand the
metric as
gij = g
(0)
ij +
√
ρg
(1)
ij + ρg
(2)
ij + ρ
3/2 g
(3)
ij + · · ·. (3.23)
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and the Einstein equation (3.4) can be solved as
g
(1)
ij = 0,
g
(2)
ij = L
2
(
Rij − 1
4
Rgij
)
,
g(0)ijg
(3)
ij = 0. (3.24)
The profile of Q can be specified by
x = x(y, z, ρ). (3.25)
We can analyze the boundary Einstein equation order by order in the ρ expansion. The leading
order relation determines x(1). However, the second order equations lead to the constraints
∂2yx
(0)
(
1 + (∂zx
(0))2
)
= ∂2zx
(0)
(
1 + (∂yx
(0))2
)
,(
1 + (∂zx
(0))2
)
∂y∂zx
(0) = (∂yx
(0))(∂zx
(0))(∂2zx
(0)). (3.26)
This does not have any solutions5 except when the boundary Q is given by planes or spheres, which
are already known solutions as reviewed in section 2.2.
One may think that this shows that we cannot construct any gravity solutions dual a BCFT
on M for generic choice of the boundary ∂M . This is clearly paradoxical because the BCFT side
is well-defined for any ∂M , though the generic choice of ∂M breaks the SO(2, d − 1) boundary
conformal invariance. We will resolve this puzzle in the section (4) soon later. The upshot is that
the ρ expansion (3.23) breaks down at the boundary Q and that we need to employ a different
coordinate system.
4 AdS4/BCFT3 with Arbitrary Boundaries
Consider the AdS4/BCFT3 setup with the three dimensional boundary Q. We can choose the
Gaussian normal coordinate (2.3), where Q is situated at η = η∗ and N is extended in the region
−∞ < η < η∗. The extrinsic curvature is given by (2.4). The (vacuum) Einstein equation is
decomposed into the constraints
R(3) +K2 −KabKab = 2Λ
(
= −6/R2) ,
∇a(Kab − hab ·K) = 0, (4.1)
and evolution equations of Kab with respect to η.
5To see this quickly, we can assume x(0) is infinitesimally small and then the linearized equations are ∂2yx
(0)
−
∂2zx
(0) = 0 and ∂y∂zx
(0) = 0. They allow only solutions which are linear or quadratic with respect to y and z.
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If we consider the boundary matter field, the boundary condition takes the general form (2.8).
The constraint (4.1) is equivalent to the conservation of boundary energy-momentum tensor TQab
∇aTQab = 0. (4.2)
On the other hand, (4.1) can be expressed as
R(3) − (TQab)2 +
1
2
(TQ)2 = 2Λ. (4.3)
Thus for any matter stress tensor TQab which satisfies the conservation (4.2) and a constraint
(4.3), we can always construct a bulk metric by (numerically) solving the Einstein equation without
any obstruction.
4.1 Construction of Perturbative Solutions
We would like to construct perturbative solutions. We will set the AdS radius to be one L = 1 in
this section just for the simplification. We express the metric in (2.3) as follows
hab(η, x, y, z) =
cosh2 η
z2
δab + δhab(η, x, y, z), (4.4)
choosing the coordinates (u1, u2, u3) = (x, y, z). We treat δhab as a perturbation and keep only the
first order. Notice that the unperturbed four dimensional metric is the same as (2.13) and thus
coincides with the pure AdS4 (2.15) via the coordinate transformation (2.14).
Now, what we need to do is to solve the Einstein equation with the boundary condition
∂hab(η∗, x, y, z)
∂η
= T · hab(η∗, x, y, z). (4.5)
as follows from (2.10). Notice that the tension is related to η∗ via (2.17), which is given by
T = 2 tanh η∗ in the current setup.
The Einstein equation can be decomposed into the constraints (4.1) and the ab components of
the Einstein equation
Rab − 1
2
gabR+ Λgab = 0. (4.6)
We are interested in the metric perturbations δhab which depends on x and y. We only work on
the linear order of this perturbation theory and neglect higher orders. We will perform the Fourier
transformation with respect to x and y. By employing the rotation on the x− y plane, we can set
the wave vector for y to be vanishing. Therefore we only consider the perturbation proportional to
eikx:
δhab(η, x, y, z) = δhab(η, z, k) · eikx. (4.7)
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Moreover, to solve the Einstein equation analytically, we also assume perturbative expansions
with respect to the coordinate z near the AdS3 boundary z = 0. Then the perturbative solution
to the three dimensional part of the Einstein equation (4.6) with the boundary condition (4.5) can
be found to be
hxx(η, z, k) = axx
cosh2 η
z2
+
bxx(η)
z
+O(1),
hxy(η, z, k) = axy
cosh2 η
z2
+
bxy(η)
z
+O(1),
hyy(η, z, k) = ayy
cosh2 η
z2
+
byy(η)
z
+O(1),
hxz(η, z, k) = axz
cosh2 η
z2
+
bxz(η)
z
+O(1),
hyz(η, z, k) = ayz
cosh2 η
z2
+
byz(η)
z
+O(1),
hzz(η, z, k) = 0 +
bzz(η)
z
+O(1), (4.8)
where aab are arbitrary (small) constants. The functions bab(η) are defined by
bxx(η) = −2(q1 − iaxzk) cosh2 η − q2 · cosh η (1 + (2(arctan(eη)− arctan(eη∗)) · sinh η) ,
bxy(η) = iayzk cosh
2 η +
q3 cosh η
arctan(eη∗)
(−2 + 4 (arctan(eη∗)− arctan(eη)) sinh η) ,
byy(η) = −2q1 cosh2 η + q2 cosh η (1 + 2 (arctan(eη)− arctan(eη∗)) sinh η) ,
bxz(η) = q4 cosh
2 η,
byz(η) = q5 cosh
2 η,
bzz(η) = 2q1 cosh
2 η, (4.9)
where q1, q2, · · ·, q5 are arbitrary (small) constants. Finally we can also confirm that these solutions
satisfy the constraints (4.1). In this way, we can construct perturbative solutions with several
parameters.
4.2 Analysis of Explicit Solutions
To find a simplest non-trivial solution we would like to set
axx = axy = ayy = ayz = q3 = q4 = q5 = 0, (4.10)
with axz, q1 and q2 chosen to be arbitrary.
15
For large η limit (i.e. AdS boundary limit ξ >> w), they behave as
bxx(η) ≃ (2iaxzk − 2q1 + (2 arctan(eη∗)− π)q2) ξ
2
w2
,
byy(η) ≃ (−2q1 + (π − 2 arctan(eη∗))q2) ξ
2
w2
,
bzz(η) ≃ 2q1 · ξ
2
w2
,
bxy(η) ≃ bxz(η) ≃ byz(η) ≃ 0, (4.11)
where notice that eη ≃ 2ξw in the limit η →∞.
We assume that q1 and q2 are imaginary and define
βxx = 2axzk − 2|q1|+ (2 arctan(eη∗)− π)|q2|,
βyy = −2|q1|+ (π − 2 arctan(eη∗))|q2|,
βzz = 2|q1|. (4.12)
By using the relation (2.14) or equally
z =
√
w2 + ξ2, sinh η =
ξ
w
, (4.13)
the total metric can be expressed as
ds2 =
1
w2
[
dw2+dξ2+dx2+dy2+
2axz cos(kx)√
w2 + ξ2
(wdw + ξdξ)dx
−βzz sin(kx)√
w2 + ξ2
(wdw + ξdξ)2 − w
2 sin(kx)|bxx(η)|
z
dx2 − w
2 sin(kx)|byy(η)|
z
dy2
]
.(4.14)
We perform the coordinate transformation
x→ x− axz cos(kx)
√
w2 + ξ2.
(4.15)
Then the metric is rewritten as follows up to the linear order of the perturbation
ds2 =
1
w2
[
dw2 + dξ2 + dy2 +
(
1 + 2axzk sin(kx)
√
w2 + ξ2
)
dx2
−βzz sin(kx)√
w2 + ξ2
(wdw + ξdξ)2 − w
2 sin(kx)|bxx(η)|
z
dx2 − w
2 sin(kx)|byy(η)|
z
dy2
]
.(4.16)
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4.3 Relation to Fefferman-Graham Coordinate
We would like to rewrite the metric (4.16) in terms of Fefferman-Graham coordinate so that we can
analyze the structure of AdS boundary. For this purpose we perform the coordinate transformation
wˆ = w −∆w(w, ξ, x), ξˆ = ξ +∆ξ(w, ξ, x), (4.17)
where
∆w(w, ξ, x) =
βzz sin(kx)
4
[
w
√
w2 + ξ2 − ξ2 log(2(w +
√
w2 + ξ2))
]
,
∆ξ(w, ξ, x) =
βzz sin(kx)
4
[
wξ + 2wξ log(2(w +
√
w2 + ξ2))
]
. (4.18)
Then we find the metric takes the following Fefferman-Graham form in the new coordinate wˆ, ξˆ
(we omit the symbol ˆ below):
ds2 =
dw2
w2
+
(1 + ∆gξξ)dξ
2 + (1 + ∆gxx)dx
2 + (1 + ∆gyy)dy
2
w2
. (4.19)
Here we defined
∆gξξ =
βzz sin(kx)
2
[
w
2
+
ξ2w
w2 + ξ2 + w
√
w2 + ξ2
− 2ξ
2√
w2 + ξ2
+ w log(2(w +
√
w2 + ξ2))
]
,
∆gxx = sin(kx)
[
2axzk
√
w2 + ξ2 − w
2√
w2 + ξ2
|bxx(η)|
]
,
∆gyy = − sin(kx) w
2√
w2 + ξ2
|byy(η)|, (4.20)
where we neglect terms with higher powers of w and ξ than the ones included in the above. Notice
that our perturbative solution (4.19) is only valid when ξ and w are small.
We define the three dimensional part of the metric ds2(3) from this metric (4.19) as
ds2 =
dw2 + ds2(3)
w2
. (4.21)
The metric of the AdS boundary is obtained from ds2(3) by taking the limit w → 0
ds2(3)
∣∣∣
w=0
= (1 + (2axzk − βxx) sin(kx)ξ) dx2 + (1− βyy sin(kx)ξ) dy2
+(1− βzz sin(kx)ξ) dξ2, (4.22)
where we employed (4.11).
Now we would like to concentrate on the case where the AdS boundary becomes flat. We find
that this corresponds to the case
βyy = −2|q1|+ (π − 2 arctan(eη∗))|q2| = 0. (4.23)
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Indeed, in this case, if we further perform the coordinate transformation
x = x˜+
(2axzk − βxx) cos(kx˜)
2k
ξ˜,
ξ = ξ˜ − sin(kx˜)
2
(
2axzk − βxx
k2
+
βzz
2
ξ˜2
)
, (4.24)
we find that the metric at the boundary w = 0 becomes flat:
ds2 ≃ dw
2 + dξ˜2 + dx˜2 + dy2
w2
. (4.25)
On the other hand, the boundary Q, which is originally defined by ξ = 0 is now described by
ξ˜ =
(2axzk − βxx) sin(kx˜)
2k2
=
2|q1|
k2
sin(kx˜). (4.26)
Thus the boundary of the BCFT is now a curved surface.
As we have seen in our construction of perturbative solutions, we encounter expansion in terms
of z =
√
w2 + ξ2. Thus the usual Fefferman-Graham coordinate with the w =
√
ρ expansion breaks
down at the boundary Q i.e. ξ = 0. This was the reason why we could not find solutions with
curved BCFT boundaries via the Fefferman-Graham expansion in section 3.5.
5 Towards Higher Dimensional g-Theorems
In two dimensional CFTs, there is a famous Zamolodchikov’s c-theorem [28], which argues that
the central charges in CFTs are decreased under RG-flow. Moreover, we can construct so called c-
function which is monotonically decreasing under the RG-flow and which coincides with the central
charges at the fixed points. It is natural to expect something similar in a BCFT3 i.e. a CFT on
a three dimensional manifold M with a boundary ∂M . Here we consider the boundary RG flow,
while the three dimensional bulk is kept conformally invariant. We assume that M is given by
the three dimensional Euclidean round ball B3 with radius rB . Its boundary ∂M is a round S
2
with the same radius. See Fig.3 for this setup. This radius rB can be regarded as the length scale
under the RG flow. In this setup, the idea of the boundary central charge cbdy was introduced in
[5] and there a holographic analysis based on AdS/BCFT showed that this quantity, extended to
non-conformal theories in an appropriate way, is a monotonically decreasing function under the RG
flow. The boundary central charge (or c-function) cbdy at the length scale rB is defined by
cbdy(rB) = 3rB
d logZBCFT3
drB
(
= −3rB dIBCFT3
drB
)
, (5.1)
in terms of the derivative of the partition function ZBCFT3 of the BCFT3 onM . The normalization
of cbdy is chosen such that this agrees with that of the standard central charge in two dimensional
18
Figure 3: The setup of BCFT3 to calculate the boundary central charge cbdy.
CFTs if the bulk theory is completely decoupled from the boundary. If we consider the bare
partition function Z0, at the fixed point, cbdy is the coefficient of the logarithmically divergent term
logZ0 = power divergences +
cbdy
3
log
rB
a
+ finite terms. (5.2)
We conjecture that in any quantum field theories cbdy (5.1) satisfies the monotonicity property
dcbdy(rB)
drB
≤ 0. (5.3)
This can be regarded as a three dimensional version of the g-theorem [6]. An analogue of c-theorem
for three dimensional CFTs without boundaries has already been formulated in [29, 30, 31] and is
called F-theorem. It is straightforward to generalize (5.3) to much higher dimensions as long as d
is odd. By comparing with the c-theorems in higher dimensions [32, 33, 34], we can conjecture
(−1) d+12 rB d logZBCFTd
drB
≤ 0. (5.4)
Below we will give a few supporting evidences of these higher dimensional g-theorems.
5.1 Perturbative Confirmation
We consider the case where the BCFTd on the round ball Bd for d odd. We perturb this theory by
a boundary operator O(x)
S = SBCFTd + λ0
∫
Sd−1
dxd−1
√
GO(x), (5.5)
where λ0 is a bare coupling constant. The boundary conformal dimension of O(x) is defined to be
∆ = d− 1− y and we assume the relevant perturbation which is nearly marginal 0 < y << 1.
The boundary conformal invariance constrains the two and three point function of a boundary
operator just as in the standard d− 1 dimensional CFT:
〈O(x)O(w)〉 = 1|x− w|2(d−1−y) ,
〈O(x)O(w)O(z)〉 = C|x− w|d−1−y|w − z|d−1−y|z − x|d−1−y , (5.6)
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where x,w and z lives on the flat space Rd−1 and we need to perform an obvious conformal
transformation to obtain the two and three point functions on the Sd−1.
We define the dimensionless coupling by g(µ) = λ(µ) · µ−y, where µ is the energy scale which
we identify µ = 12rB . The initial condition is set by g(µ0) = λ0µ
−y
0 , where µ0 is the UV cutoff. The
β-function for the renormalized coupling g(µ) is given by [32, 30]
β(g) ≡ µdg(µ)
dµ
= −yg + π
d−1
2
Γ(d−12 )
Cg2 +O(g3). (5.7)
By integrating this we obtain
λ0(2rB)
y = g +
Cπ
d−1
2
yΓ(d−12 )
g2 +O(g3). (5.8)
Now we evaluate the partition function. Using the results in [30], we finally obtain its pertur-
bative expansion w.r.t λ0, employing (5.6) and (5.8):
logZBCFTd =
π
d−1
2
2d−1Γ(d−12 )
[
λ20
2
· (2rB)2y · π
d−1
2
Γ(−d−12 + 1)
Γ(y)
−λ
3
0
6
· (2rB)3y · πd−1
Γ(y2 )
3Γ(−d−12 + 3y2 )
Γ(y)3Γ(d−12 )
· C
]
+O(λ40)
=
(−1) d−12 πd− 12
Γ(d−12 + 1)Γ(
d
2 )2
d−2
[
g2
2
+
1
9y
π
d−1
2
Γ(d−12 )
Cg3
]
+O(g4), (5.9)
where we keep only the leading term assuming y is very small.
Up to this order we can find the boundary central charge as follows (remember d is an odd
integer)
(−1) d+12 rB d logZBCFTd
drB
=
πd−
1
2
Γ(d−12 + 1)Γ(
d
2 )2
d−2
+
[
g +
1
3y
π
d−1
2
Γ(d−12 )
Cg2
]
· β(g) +O(g4)
=
πd−
1
2
Γ(d−12 + 1)Γ(
d
2 )2
d−2
[
−yg2 + 2
3
π
d−1
2
Γ(d−12 )
Cg3
]
+O(g4). (5.10)
Finally, by taking the derivative of rB we obtain
(−1) d+12 rB d logZBCFTd
drB
= − π
d− 1
2
Γ(d−12 + 1)Γ(
d
2 )2
d−2
[
−2yg + 2 π
d−1
2
Γ(d−12 )
Cg2
]
β(g) +O(g4)
= − 2π
d− 1
2
Γ(d−12 + 1)Γ(
d
2 )2
d−2
β(g)2 +O(g4). (5.11)
Therefore we manage to show the property (5.4) in this perturbation theory.
Notice that in this argument the dynamics of the bulk conformal field theory is not relevant
and this proof is essentially reduced to that of the perturbative proof of c-theorem [32].
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5.2 An Explicit Example: Massless Scalar Fields in BCFT3
We would like to evaluate contributions of boundary degrees of freedom to 1 loop partition functions
of three dimensional scalar fields, which become exact for free scalar fields. Since we are interested
in CFTs in the bulk, we assume that they are massless scalars in three dimension.
In general, the one-loop partition function is expressed as
Z =
∫
Dφ exp
(
−
∫
M
φi∆ijφ
j
)
. (5.12)
We assume {φi} (i = 1, 2, · · ·, n) is a n component bosonic field. ∆ij is a second order differential
operator on M and one can consider the heat kernel Kˆij(x, y; s) of the operator (we will closely
follow [36])
∆ijKˆjl(x, y; s) =
∂
∂s
Kˆil(x, y; s). (5.13)
The logarithm of the partition function in three dimension is given by
logZBCFT3 =
1
2
∫
∞
ǫ2
ds
s
∫
M
dx3trKˆ(x, x; s). (5.14)
where ǫ is UV cut off (lattice spacing). One can asymptotically expand the heat kernel near s = 0
∫
M
trKˆ(x, x; s) =
a0
s
3
2
+
a1
s
+
a2
s
1
2
+ a3 + · · · , (5.15)
where ai s are heat kernel coefficients and can be written by geometric invariants such as various
curvatures of M . The index i denotes number of differentials they contain. By substituting it to
the partition function, we obtain
logZBCFT3 =
2
3
a0
ǫ3
+
a1
2ǫ2
+
a2
ǫ
− a3 log ǫ+ · · · . (5.16)
In this way one can manifest the divergent structure of the partition function. When we consider a
manifold without boundaries, aj vanish for all odd integers j since all geometric invariants contains
even numbers of differentials and thus there are no log term in the partition function in three
dimension. It is consistent with the fact that there is no trace anomaly in three dimension. However,
in three dimensional field theories with boundaries, aj no longer vanishes for j odd and there is a
logarithmically divergent term.
In general, we impose the following boundary condition at ∂M for {φi} of the form
Π−φ|∂M = 0, (∇n + S)Π+φ|∂M = 0, (5.17)
where Π− is hermitian projection operator of the φ such that Π
2
− = 1 and Π+ = 1 − Π−. Notice
that the Π− and Π+ are the projections into the Dirichlet and (generalized) Neumann boundary
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conditions, respectively. The differential operator ∆ij is chosen to be the Laplacian of M for the
massless scalars i.e. ∆ij = −δij · gab∇a∇b. In this case, the heat kernel coefficient a3 is given by
the following formula as derived in [35, 36]:
a3 =
1
1536π
∫
∂M
√
σdx2 tr
(
16(Π+ −Π−)R− 8(Π+ −Π−)Rαnαn
+(13Π+ − 7Π−)K2 + (2Π+ + 10Π−)KαβKαβ + 96SK + 192S2
)
, (5.18)
where the trace is with respect to the index i of φi; σ and Kαβ are the induced metric and the
extrinsic curvature of ∂M in M , respectively; Rαnαn are components of curvature tensor in M and n
represents the normal direction for ∂M .
Now let us calculate the boundary central charges defined in (5.1). For this purpose we assume
the metric M is flat and ∂M is a round S2 with the radius rB. Then the boundary central charge
is given by cbdy = 3a3. By using the formula (5.18), for the Neumann and the Dirichlet boundary
condition6, we obtain the following boundary central charges:
cbdy(Neumann) =
7
16
, cbdy(Dirichlet) = − 1
16
. (5.19)
Since it is clear that there is a RG flow from the Neumann to the Dirichlet just by adding the
mass term at the boundary of the form
λ
∫
∂M
dx2φ2, (5.20)
the relation
cbdy(Neumann) > cbdy(Dirichlet), (5.21)
is consistent with our conjectured property (5.3).
6 Conclusions and Discussions
In this paper, we studied the logarithmic terms in the partition functions of CFTs with boundaries
(BCFTs) by employing both field theoretic and holographic approaches. In even dimensions, the
coefficients of the log terms are related to the Weyl anomaly and thus the central charges. In odd
dimensions, on the other hand, these coefficients lead to new quantities called boundary central
charges cbdy. A previous holographic analysis implies that cbdy are monotonically decreasing func-
tions under the RG flows. This is interpreted as an odd dimensional analogue of the g-theorem
6The boundary condition (5.17) for non-vanishing S breaks the boundary conformal invariance and cannot be a
fixed point of boundary RG flows. Therefore we only consider S = 0 i.e. the (purely) Neumann boundary condition
here.
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known for two dimensional BCFTs. In this paper, we gave two evidences. One is that we showed
this property in a leading order perturbation theory. The other is that we confirmed this in an
explicit boundary RG flow for massless scalar fields. These are purely based on the field theoretic
calculations. It is certainly desirable to obtain an exact proof of this conjecture as well as various
explicit examples.
We also did a related holographic analysis for BCFTs based on the AdS/BCFT formalism. In
two dimensions, we gave an explicit holographic construction for an arbitrary shape of boundary
and calculated its logarithmic term, confirming its consistency with the Weyl anomaly. We pointed
out that we should add a codimension two boundary term in the gravity action, which has been
missing so far in AdS/BCFT. This enables us to compute the energy momentum tensor Bαβ which
is localized at the boundary. It is interesting to note that when a BCFT is defined on a round
disk, the bulk energy momentum tensor is vanishing Tij = 0 because the gravity dual is given by
a part of AdS3. Our result shows that still this is consistent with the Weyl anomaly. The reason
why we have Tij = 0 is because we are considering the pure gravity theory where all solutions are
locally AdS. Therefore it is a very intriguing future problem to take into account back-reactions by
considering a gravity theory coupled to various matter fields such as scalars or gauge fields so that
the metric is no longer locally AdS.
We also gave perturbative solutions of gravity duals for the three dimensional BCFTs with any
shapes of boundaries. We find that the standard Fefferman-Graham expansion breaks down for
generic choices of BCFT boundaries. It is another interesting future direction to explore more on
this AdS/BCFT in higher dimensions such as the construction of fully back-reacted solutions and
calculations of energy momentum tensors.
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A Gibbons-Hawking Term at Non-smooth Boundary
Here we explain the extra boundary term [23] added to the standard Gibbons-Hawking term at
a non-smooth boundary. We consider a boundary specified by x = x(y) in a three dimensional
flat space ds2 = dx2 + dy2 + dz2. Since the effect we are looking at is the one localized at the
non-smooth points, this simple example captures all the essential parts. The unit normal vector
reads
n = (nx, ny, nz) =
1√
1 + 1x′(y)2
(
− 1
x′(y)
, 1, 0
)
. (A.1)
Then the Gibbons-Hawking term for the region x− ≤ x ≤ x+ is evaluated as∫ √
hK =
∫
dydz
x′′(y)
1 + x′(y)2
=
∫
dz
[
arctan(x′(y))
]x=x+
x=x−
. (A.2)
Thus if the curve given by y = − tan θ · |x|, we find∫ √
hK =
∫
dz(π − 2θ). (A.3)
By covariantizing this expression, we finally obtain∫
M∪Q
√
hK =
∫
M ′
√
hK +
∫
Q′
√
hK +
∫
M∩Q
√
Σ(π − 2θ), (A.4)
where M ∩Q is where the cusps are located; M ′ (and Q′) denote the points in M (and Q) except
those in M ∩Q. This reproduces (2.19) for the Euclidean action (2.12).
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